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Abstract 

We study the existence of a minimal supersolution for backward stochastic differen¬ 
tial equations when the terminal data can take the value -l-oo with positive probability. 
We deal with equations on a general filtered probability space and with generators sat¬ 
isfying a general monotonicity assumption. With this minimal supersolution we then 
solve an optimal stochastic control problem related to portfolio liquidation problems. 
We generalize the existing results in three directions: firstly there is no assumption on 
the underlying filtration (except completeness and quasi-left continuity), secondly we 
relax the terminal liquidation constraint and finally the time horizon can be random. 


Introduction 

This paper is devoted to the study of backward stochastic differential equations (BSDEs) 
with singular terminal condition. We adopt from |28] and |29) the notion of a weak (su- 
per)solution {Y, ip, M) to a BSDE of the following form 

dYt =-f{t,Yt,ipt)dt + J 'ilJt{z)^{dz,dt) + dMt, (1) 

where ^ is a compensated Poisson random measure on a probability space (O, A", P) with a 
filtration F = The filtration F is supposed to be complete and right continuous. In 

particular, it can support a Brownian motion orthogonal to tt. The solution component M 
is required to be a local martingale orthogonal to The function f : Q x M_|_ x M x —>■ M 
is called the driver (or generator) of the BSDE. The particularity here is that we allow 
the terminal condition p to be singular: for a stopping time r, the random variable p is 
TV-measurable and takes the value -|-oo with positive probability. 

In our first main result (Theorem [T|) we establish existence of a minimal weak super¬ 
solution to ©■ This supersolution is constructed via approximation from below. For each 
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L > 0 we consider a truncated version of ([T]) with terminal condition ^AL. We impose that 
the driver / satisfies a monotonicity assumption in the y-variable and is Lipschitz contin¬ 
uous with respect to '0. Then existence, uniqueness and comparison results for a solution 
M^) to the truncated BSDE can be deduced from |23], where the theory of BSDEs 
with a monotone driver in a general filtration has been developed. We obtain the minimal 
supersolution {Y, tp, M) with singular terminal condition by passing to the limit L —)• oo. 
The crucial task is to establish suitable a priori estimates for Y^ guaranteeing that when 
passing to the limit the solution Y does not explode before time r. To this end, the gener¬ 
ator / cannot be Lipschitz continuous w.r.t. y. Hence we impose that / is monotone and 
decreases at least polynomially with random coefficient in the y-variable. In the case where 
r is deterministic this condition suffices to ensure boundedness of Y^. When r is random, 
we restrict attention to first exit of diffusions from a regular set. 

BSDEs with singular terminal condition were already studied in |3] and |28| for deter¬ 
ministic terminal time (see also |12) for a treatise on BSPDEs), and in |29) for a random 
terminal time. Let us briefly outline in which directions our findings generalize some results 
from these papers. 

• General driver f. Indeed, in the previously mentioned papers / is assumed to be a 
polynomial function of y (plus possibly a particular bounded from above function of ip 
in m)- Here / is supposed to be only bounded from above by a polynomial function 
w.r.t. y. The fact that we only assume here that / is Lipschitz continuous with 
respect to ip but not necessarily bounded, requires to derive new a priori estimates 
for the family of solutions (Y^). Moreover as in |3], the generator can be singular in 
the sense that the process fP = /(t, 0,0) can explode at time r. We only impose an 
integrability condition on which is weaker than the condition in |3]. This weaker 
integrability condition and the occurence of jumps imply that the convergence of the 
approximating sequence (T^)i>o has to be handled more carefully (see in particular 
the proof of Proposition [3] where technical details are postponed in the appendix). 
BSDEs where the generator possesses a singularity in the time variable were studied 
in |19) and [T^ to solve utility maximization problems with random horizon. 

• General filtration F. Moreover, compared to the papers j^, |28| and |29) . we do not 
restrict attention to a filtration generated by Brownian and Poisson noise. Here the fil¬ 
tration F satisfies only the standard assumptions (completeness and right-continuity). 
Hence the additional local martingale part M appears in the BSDE and has to be 
controlled when we let L go to -|-oo. The quasi left-continuity condition on F will be 
imposed only to ensure the lower semi-continuity of Y at time r: liminf 

t—>-T 

• Random terminal time r. To our best knowledge, |29) is the only paper that deals 
with a singular terminal condition at a random time r. In this work, the generator 
/ is equal to f{y) = —y\y\‘^~^ for some ^ > 1 and the filtration is generated by a 
Brownian motion. When the terminal time is random, the derivation of the a priori 
estimate for the sequence Y^ is more involved than in the deterministic case. For a 
general random time r, we show that the limit process Y may be infinite before time 
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r. For this reason, we consider the first exit time of a continnous diffusion from a 
regnlar set and onr estimate is a generalization of the Keller-Osserman ineqnality. 

We also note that onr results can be extended to the case where the driver is addition¬ 
ally a Lipschitz continuous function of a variable Z, which represents the integrand in the 
martingale representation w.r.t. a Brownian motion (c.f. Remark |5]). 


Since the seminal paper by Pardoux and Peng |25) BSDEs have proved to be a powerful 
tool to solve stochastic optimal control problems (see e.g. the survey article |7] or the book 
|26)). In the second part of the paper we use the notion of weak supersolutions to provide 
a purely probabilistic solution of a stochastic control problem with a terminal constraint 
on the controlled process. More precisely, we consider the problem of minimizing the cost 
functional 0 


J{X) = E 


j (^r]s\as\^+ js\Xs\^ + j Xs{z)\f3s{z)\Pn{dz)^ds + C\Xr\^ 


( 2 ) 


over all progressively measurable processes X that satisfy the dynamics 


/ 


Xs = X + / Oudu -I- 


/3u{z)TT{dz, du). 


Here p > 1 and the processes ij, 7 and A are non negative progressively measurable. Again 
the J>-measurable random variable ^ takes the value 00 with positive probability. This 
singularity imposes the terminal state constraint on the set of strategies. Indeed, any 
strategy X that does not satisfy this terminal constraint creates infinite costs. In particular, 
such a strategy cannot be optimal if there exists some strategy that creates finite costs (which 
will always be the case under the assumptions that we impose). In the cases where r is 
deterministic or a first exit time, we characterize optimal strategies and the value function 
of this control problem with the BSDE 


yQ r 

dYt = {p - l)-^dt + @{t,Yt,'tlJt)dt - jidt + 'tpt{z)7r{dz,dt) + dMt (3) 

m 


with liminf Y) > Here g > 1 is the Holder conjugate of p and 0 is a Lipschitz contin- 

t^T 

nous function (see (1241) for the precise definition). We provide sufficient conditions on the 
coefficient processes rj, 7 and A such that Theorem [T] ensures existence of a minimal weak 
supersolution to ([3} and carry out a verification that is based on a penalization argument. 

The analysis of optimal control problems with state constraints on the terminal value 
is motivated by models of optimal portfolio liquidation under stochastic price impact. The 
traditional assumption that all trades can be settled without impact on market dynamics is 
not always appropriate when investors need to close large positions over short time periods. 
In recent years models of optimal portfolio liquidation have been widely developed, see, e.g. 
in, m, 0, |10) . |15) . or |22) . among many others. 

^We define 0 • 00 := 0. 
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Variants of the position targeting problem ([2|) have been studied in 0 , 0 , m, m or 
|13| . In this framework the state process X denotes the agent’s position in the financial 
market. She has two means to control her position. At each point in time t she can trade in 
the primary venue at a rate at which generates costs r]t\at\^ incurred by the stochastic price 
impact parameter rjf. Moreover, she can submit passive orders to a secondary venue ("dark 
pool"). These orders get executed at the jump times of the Poisson random measure vr and 
generate so called slippage costs Xt{z)\f3tiz)\^fJ-{dz). We refer to [22] for a more detailed 
discussion. The term 'yt\Xt\^ can be understood as a measure of risk associated to the open 
position. J{X) thus represents the overall expected costs for closing an initial position x 
over the time period [0, r] using strategy X. 

Our approach allows to incorporate some novel features into optimal liquidation models. 
First, we do not impose any assumption on the filtration (except quasi-left continuity). For 
the financial model, this means that the noise is not necessarily generated by a Brownian 
motion. Moreover, the liquidation constraint is relaxed in the following way. Instead of 
enforcing the condition Xr = 0 a.s., that is the position has to be closed imperatively, our 
model is flexible enough to allow for a specification of a set of market scenarios 5 C where 
liquidation is mandatory: X^'Xs = 0. On the complement 5'^ a penalization depending on 
the remaining position size can be implemented. This terminal constraint is described by 
the Jv-ineasurable non negative random variable ^ such that S = {^ = -|-oo}. Thus for a 
binding liquidation Xj- = 0, we take ^ = -|-oo a.s. For excepted scenarios, we can consider 
^ = 00 I 5 with for example S = {maxjgjQj^] rjt < H} or 5 = {J^ r]tdt < H} for a given 
threshold H > 0. This means that liquidation is only mandatory if the maximal price 
impact (or the average price impact) is small enough throughout the liquidation period. If 
the illiquidity of the market is too high, the trader has not obligatorily to close his position. 
Finally, our model allows for a random time horizon r. For example, one can consider 
price-sensitive liquidation periods where the position has to be closed before the first time 
when the unaffected market price S (a diffusion) falls below some threshold level > 0, 
i.e. r = inf{t > 0\St < K}. 

The paper is decomposed as follows. In the first section, we give the mathematical 
setting and present the main results concerning the BSDE ([1]). The set of assumptions 
will differ in the two cases r deterministic (Theorem [1]) and r random (Theorem |2|) . We 
construct a supersolution of the BSDE ([T|) using truncation arguments as in |28j or 0 and 
we prove that this solution is minimal. As mentioned before the main difficulties are to 
control the sequence of solutions for the truncated BSDE (see Propositions [2] and | 6 |) and 
to prove the convergence of the approximating sequence. In Section [2] we use the previous 
results to obtain a minimal supersolution for BSDE (0) and we verify that this solution 
gives the value function and an optimal control for the optimal position targeting problem 
(Theorem 0). 
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1 Minimal supersolutions for the singular BSDE 

1.1 Setting and notation 

We consider a filtered probability space P,F = The filtration is assumed 

to be complete and right continuous. Moreover, we assume that F is quasi-left continuous, 
which means that for every sequence (r„) of F stopping times such that ^ f for some 
stopping time f we have VneNTr^ = TV- We assume that (0, P, F = {J^t)t>o) supports a 
Poisson random measure vr with intensity fi{dz)dt on the space 21 C \ {0}. The measure 
/i is cr-finite on Z such that 

(1 A \z\‘^)fi{dz) < -|-oo. 




By V we denote the predictable u-field on x M_|_. We set V = V ® B{Z) where B{Z) 
is the Borelian a-field on Z. On H = 11 x [0, T] x 21, a function that is P-measurable, is 
called predictable. Giod'^) is the set of P-measurable functions ■0 on H such that for any 
t > 0 a.s. 

rt r 

{\iis{z)\^ A \il;s{z)\)^i{dz)ds < -loo. 



For any stopping time f and m > 1, the set L^(0,f) contains all processes € Giodd) 
such that 


E 


[ [ fj,{dz)ds 

Jo Jz 


< -loo. 


By = L”^(21,/r; we denote the set of measurable functions : 21 —>• R*^ such that 


\m 

\LV} 


L 


{z)\^fi(dz) < -loo. 


By Al"*" we denote the set of cadlag local martingales orthogonal to vr. If M E Al"*" 
then E(AM * tt\V) = 0, where the product * denotes the integral process (see II.1.5 in 
m)- For any stopping time f the set Al™(0,f) is the subset of all martingales such that 


E 


< -loo. Finally, for m > 1, S™(0,f) is the set of all progressively measurable 


cadlag processes F such that E 


suPte[o,f] \Ft\ 


progressively measurable cadlag processes F such that E 


< -loo. The set ]H[™(0,f) contains all 

m/2 


{K 


iFA^dt 


< -loo. 


1.2 Deterministic terminal times 

In this section let T > 0 and let ^ be a Ar-measurable random variable. We denote by S the 
set = -loo}. Since we explicitly allow ^ to take the value -loo with positive probability, 
we need to specify a weak notion of solutions to ([T|). We relax the usual definition of a 
solution to a BSDE by only requiring that ([T]) holds strictly before time T. 

Definition 1 (Weak supersolution in the case of deterministic terminal times) ITe 

say that a triple of processes is a supersolution to the BSDE ([T]) with singular ter¬ 

minal condition Yt = f, if it satisfies: 
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1. M G , '0 £ Gioc{t^) and there exists some £ > 1 such that for all t < T: 


E [ sup |l^s|^+ / / \il}s{z)\^h{dz)ds+ <+oo; 

\se[o,t] Jo Jz I 


2. Y is bounded from below by a process Y G §^(0,T); 

3. for all 0 < s < t < T: 


Y. = Y, 


+ / f{u,Yu,'ifu)du- / / 'ifu{z)'K{dz,du) - / dM^. 

tJ s tJ s J s 


4- liminf 10 > ^ a.s. 
t^T 

We say that (Y, if, M) is a minimal supersolution to the BSDE ([T|) if for any other super¬ 
solution (Y',if', M') we have Yt < Yf a.s. for any t G [0,T). 

To establish existence of a minimal supersolution to BSDE ([1]) we impose the following 
conditions on the driver / : D X [0,T] x M x —)■ R. For notational convenience we write 

f? = f{t,o,o). 

Al. The function y i—)• f{t,y,ip) is continuous and monotone: there exists x £ such that 
a.s. and for any t G [0,T] and if £ L'j^ 

{fit, y, if) - fit, y', if))iy - y') < xiv - 2 /')^- 

A2. There exists a progressively measurable process k = : D x R+ x —>• R such 

that 

fit,y,if) - fit,y,(f) < j^i'^i^) - (Piz:))Kf'^’'^iz)yidz) 

with F ^ Leb 0 /r-a.e. for any iy,if,(f), —1 < K^’^’^iz) and \K^’^''^iz)\ < where 
d G L^. 

A3. For every n > 0 it holds that sup|j^|<„ |/(t, y, 0) — f^\ G L^((0,T) x D). 

A4. The negative parts of ^ and are square integrable: G L^(D) and if^)~ G 

L2((0,r) X D). 

Conditions Al to A4 will ensure existence and uniqueness of the solution for a version of 
BSDE dl]), where the terminal condition ^ is replaced by ^AL and the generator / by (see 
(j6|) for some L > 0. We obtain the minimal supersolution with singular terminal condition 
^ by letting L tend to oo. To ensure that in the limit L —)• oo the solution component Y 
attains the value oo on S at time T but is hnite before time T, we have to impose some 
further growth behavior on /. We assume that / decreases at least polynomially in the 
y-variable. 
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A5. There exists a constant (? > 1 and a positive process ry such that for any y > 0 

m 

p is the Holder conjugate of q. 

A6. There exists t> \ such that E [rjg + (T — sy{f^)~^Y ds < +oo. 

A7. There exists k > max(j^,2) such that \'d{z)\^fi{dz) < +oo. 

Assumptions (A). We say that Assumptions (A) are satisfied if all seven hypotheses A1 
to A7 hold. o 


Remark 1 (on Al) We can suppose w.l.o.g. that y = 0. Indeed if (Yjijj, M) is a solution 
of ([T|) then {Y,'ip,M) with 

Yt = e^^Yt, dMt = e^^dMt 

satisfies an analogous BSDE with terminal condition ^ and generator 

- Xy] 

and f satisfies the same assumptions with y = 0. In the rest of this section, we will 
suppose that x = 0- 


Remark 2 (on A2) The second condition A2 implies that f is Lipschitz continuous w.r.t. 
Ip uniformly in lo, t and y. Indeed by Cauchy-Schwarz’s inequality 


f{t,y,i}) - f{t,y,(j)) < 


{fi{z) - fi{z))Kf'^’‘^{z)p{dz) 


< 


\Ll\ 


\Ll- 


And conversely since 


fit, y, 4>) - fit, y, fj) < j^if’i^) ~ f’i^))i^f'^''^iz)Tidz), 

we obtain 

fit,y,'f>) - fit,y,4>) < ||??||l 2 IIV' - fihi- 

M M 


Remark 3 (on A5) It follows from Condition A3 and A5 that the process l/rf ^ must 
be in T^((0,T) x H) 


r 1 

E / ——dt < +00. 

Jo yl 

Let us just mention that it is possible to assume only integrability w.r.t. t a.s. 
m, remark j.S). 


(4) 


in A2 (see 


In this section, our main result can be summarized as follows. 

Theorem 1 Under Assumptions (A) there exists a minimal supersolution (Y, ip, M) to ([1]) 
with singular terminal condition Yt = f. 
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To prove Theorem [T] we proceed as in |3] by truncation. The complete statement and the 
proof of this result is divided into Propositions (TJ [2l |3] and |4] For any L > 0 we consider 


the BSDE 


iljf'{z)TT{dz, dt) + dM^^ 


(5) 


with bounded terminal condition 


^ A L and where 


y, " 0 ) = (fit, y, Ip) - f?) + f? A L. 


( 6 ) 


Proposition 1 Under Assumptions (A), there exists for every L > 0 a unique solution 
to dH) with Y^ e S2(0,r), ip^ e T^(0,r), e >f2^0,r) n >1-^. Moreover 
there exists a proeess Y in S^(0,T), independent of L, such that a.s. for any t € [0,r], 
Yt < Y,^. If (/O)- = e- = 0, then Yt = 0, and Y,^ is non negative. 

Proof. From assumptions Al, A2 and A4, it follows that is monotone w.r.t. y, 
Lipschitz continuous w.r.t. ip, and f^{t, 0,0) = fj) AL ^ -^^((0) Y) xQ). Moreover for every 
n > 0 and \y\ < n: 


\f^{t,y,0) - f^{t,0,0)\ = |/(t,y,0) -/fl < sup |/(t,y,0) - 

Ivl^n 


By Assumption A3, the mapping t i-A sup| 2 ^|<„ |/(t,y,0) — fj)\ is in L^((0, T) X Q). From 
Theorem 1 in |23] it follows that there exists a unique solution (Y^,M^) to ([S} with 
terminal condition f A L. This solution satisfies 


E 


sup [ [ {'ipt{z))^fj,{dz)dt + [M^]T 

0 <t<T Jo Jz 


< + 00 . 


Next, we construct the lower bound Y. Let us take f and g(t,y,'ip) = {f{t,y,ip) — 

ft) ~ ift)~- The solution {Y,tp,M) with Y S S^(0,T) of the BSDE with data {C,g) does 
not depend on L, and by comparison (Proposition 4 in |23]) we have Yt < Y/" a.s. for any 

te[o,r]. □ 

Next, we derive an upper bound for the family Y^ which is independent of L. 


Proposition 2 For every t € [0, T] the random variable Y/" is bounded from above by 
L{1 + T) and for t G [0, T) the following estimate holds: 


Yt^< 


Kt) 


(T - t)P 


E 


l\ys + {T-s)P{f^)+Yds 


Tt 




(7) 


where K.q is a constant depending only on t}. 


Proof. Let us first consider the triple {At, Bt,Ct) = (L(l + (T — t)),0,0). It is the 
solution of the BSDE with terminal condition L and constant generator equal to L. By 
assumption Al, / is monotone and hence it holds that f{t, At, Bt) < ft- Thus by the 
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definition (l6|) of we have f^{t, At, Bt) < L. By the comparison principle (Proposition 4 
in |23]) we obtain Y/" < At < L{T + 1) a.s. for any t G [0,T], 

This ripper bonnd depends on L. Next, we verify ([7]). We consider the driver 


with bt = Y L). Let e > 0 and denote by {y^Y^(ps,L^]\i£,L'j solntion 

process of the BSDE on [0, T — e] with driver h and terminal condition — 0- 

Recall that 

< J^'ip{z)Kt''^'^{z)p{dz). 

Hence by a comparison argnment with the solntion for linear BSDE (see |30) . Lemma 4.1) 
we have 


< E 


r.T-eY^Lt + 


r-T-e 


Tt.bsds 


Tt 


where for t < s < T — e 


and 


Hence 


rt,s = exp (^- 


= 1 + 


p 


T-u 


du 1 Vtf = 


T-s 

T-t 




£,L 


t,S 



t JZ 




( 8 ) 


y-Y < 


(T - t)P 


E 




\tf{T-sybUs 


Ft 


Since 6^ > 0 it holds that > 0 a.s. for every t G [0,r]. Hence from Condition A5 


Q 

Pt 


It follows that 

pL/j. i 6 ,L 


j£,L ,£,Lx _ P -_ 








where we used the Young inequality: + (p — l)y'^ — pcy > 0 which holds for all c, y > 0. 

The comparison theorem implies Y/" < for all t G [0, T — e] and e > 0. 

Recall once again from Condition A7 that belongs to ]HI^(0,T —e) for k > 2. From 
the upper bound Y/" < At < L{T +1) and from the integrability property of , with 
dominated convergence, by letting e 0 we obtain a.s. 


E 


^ D,T- 


VL,+ 

^T-£ 



0 . 


From Assumption A7 and by the proof of Proposition A.l in |3^, there exists a constant 
such that a.s. 

r rT-e 1 


E 


{Vtffds 


Ft 


<Ktt. 


Ut 
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From Assumption A6, it follows that the process ((T — 0 < t < T) belongs to 

]HI^(0, r). Therefore by Holder inequality we obtain 


E 


WffiT-srb^ds 

Hence we can pass to the limit as e J, 0 


Tt 




j\{T-sfb^Yds 






< 


{T - t)P 


E 


{{T-sfb^Jds 


.!/£ 




Assumption A6 implies by monotone convergence for L —?> oo 


Y. 


t — 


< 




(T - t)P 


E 


(% + (T-sr (/«)+)'ds 


nlA 


-Ft 


< +00 


Thus we obtain the upper bound in ([7|. □ 

The constants and £ > 1 in (0 come from the growth condition on / w.r.t. ijj and 
from the lack of an estimate of ■0'^ independent of L. If we assume that f{t, 0, 'ip) is bounded, 
then we can obtain a simpler estimate. 

Lemma 1 If there exists a non negative process kI such that a.s. for any t and ip, 


then 


fT 

f{t,0,ip) < k(, with E / (T — sYK^ds < +oo 

Jo 


yY< 


(T - t)P 


E 




-Ft 


(9) 


( 10 ) 


Proof. The proof is almost the same as for Proposition |2] Therefore, we only outline the 
main modification. Note that ([9]) implies that ff < kI a.s. We consider the generator h 
given by 

h{t, y, iP) = h{t, V) = - Pj^y = bt- PYZ~ty- 

Since h is linear and does not depend on ip: we have: 


= 


(T - t)P 


E 




r< 


(T - sfbsds 


T, 


Hence we can pass to the limit when e goes to zero and we obtain 


yY< 


1 


(T - t)P 


E 


/ 


(T - sYbsds 


Ft 


which is Inequality (HOI) . □ 

Next, we show that by passing to the limit L —>■ oo we obtain a supersolution of ([T]) 
with singular terminal condition 
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Proposition 3 Assume that Assumptions (A) hold. Let (Y^he the solution of 
BSDE ([5|) obtained in Proposition [IJ Then there exists a process {Y, ft, M) such that for 
every 0 < t < T, Y^ converges to Y in §^(0,t), converges in L:^([0,t]) to ip and 
converges in Ai^(0,t) to M. The limit process {Y,'ip,M) is a weak supersolution for the 
BSDE ([T|) with singular terminal condition Moreover Y satisfies the estimate d?]) 


Y < 


K. 


(T - t)P 


E 


T 

^ [r^, + {T-sy{f,)+]^ds 


Tt 


ip 


Proof. The comparison result (see Proposition 4 in |23) ) yields that Y^ < Y^ if A > L. 
Hence, for all t < T we can define Yt as the increasing limit of Y^ as L —)• oo. Recall that 
by Proposition [U Y^ is bounded from below uniformly in L by some process Y G §^(0, T). 
Thus Y is also bounded from below by Y. 

By Equation ([71) for fixed t < T the family of random variables L > 0) is bounded 
from above: 

rT . YP 


Y 


L,+ 


< 




-E 


^ [rj, + {T-snfyYds 


Tt 


* ^ {T -t)P^ 

Once again by Assumption A6, the random variable on the right hand side of in the in¬ 
equality above is in By dominated convergence, Y/" converges to Yt in L^{Q) for 

t < T. 

For the convergence of let 0 < s <t <T. For L and N nonnegative, we put 


V — 
-'s — 




Let us define a = i\\i}\\Y — !)■ By Lemma |9] in the Appendix there exists a constant Kg 

Vfj, 

depending only on I such that 


E 


sup e“"|n|^ + 
se[o,t] 


.^2aup 


£/2 
' U I -h 


< 


J \Tpu{z)\'^fi{dz)d 
KgE e““|/0 A A - /« A Lfdu^ . 


Jo 


iji 


Since € lHI^(0,t) (see condition A6), the right-hand side converges to zero as A and L 
go to -|-oo. Then (V'^) is a Cauchy sequence in L^(0,t) and converges to ip ^ L^{0,t) for 
every t < T. The same holds for the sequence [M^) in A4^(0,t). Moreover the previous 

inequality yields that E I sup IT's ) < -Foo. 

\0<s<t J 

Finally, taking the limit as L goes to oo in (|5|) implies that {Y,ip,M) satisfies ([T]) for 
every 0 < s < t < T. From the structure of the BSDE, we deduce that Y is cadlag on 
[0, T). In other words Y G S^(0, T — e) for any e > 0. 

Since the filtration is quasi-left continuous, we have: lim = ^AL. Indeed, in Equation 

([5|), using Fubini’s theorem for conditional expectation, the only discontinuous term could 
be the martingale term . But the assumption on the filtration shows that has no 
jump at time T (see m, Proposition 25.19). Now for any L > 0 we have 


lim inf Yt > lim inf YY = £ A L, 
ttT ttT 
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which gives the desired inequality lim inf ^Yt > ^. In particular, (lim inf^ Yt)'S-s = +oo. 
This achieves the proof of the theorem. □ 


Remark 4 Under Condition Q, the estimate (1101) is then also an upper bound for Y. 

To finish the proof of Theorem [1] let us prove the minimality of the limit process. 

Proposition 4 The solution obtained in Proposition\^is minimal. If (Y', if', M') is another 
weak supersolution of ([1]) with terminal condition then Yf >Yt a.s. for all t G [0, T]. 

Proof. Fix L > 0 and let (Y^,if ^denote the solution of (jS]) with terminal condition 
Yr^ = ^ A L. Let {Y', if', M') be a weak supersolution of ([T|) in the sense of Definition [1] Set 

% = Yf-Y^, Mz) = if'M-ifjf{z), = 

We have 

f{t, V'O - fit, Yt^,ift) = -cfYt + if it, Y/^, if't) - fit, Y/^, if^)) 

with 

fit,Yl,if',)-fit,Y,\if',)^ 


-ct = 


Yt 


Yt^O- 


Note that from condition Al, —ct < X = 0. For every t <T the process {Y,if,M) solves 
the BSDE 


dY, = 


CsYs-if^ - L)^ - ifis,Y^,if'^) - fis,Y^,if^)) ds+ ifsiz)'Kidz,ds)+dM, 


on [0,t] with terminal condition Yt = Yf — Y^. Moreover from A2 it holds that 
fis,Y^^,if',) - fis,Y^,if^) > j^Kl'^^'f’'^’yffsiz)nidz). 


From Lemma 10 in 1231 and Lemma 4.1 in 1301. we have 


W > E 


/ 


YtT.^t + / rs,uifu - 




where Tg^t = exp f* c^du^ Cs,t with Cs,s = 1 and 


dCs,t = Cs,t- TTidz,dt). 

Our assumptions ensure that f is non negative and belongs to ]HI^(0,T). From Proposition 
[2]we have Y/" < (1 +T)L and hence Yf > —((T/)“ + (1 + T)L). Thus TT^^, is bounded from 
below by a process in S”^(0,T) for some m > 1. We can apply Fatou’s lemma to obtain 


Yg = lim inf E 

YtTg^tY frg,Mu-L)+du 

Fg 

> E 

lim inf(ytrs,t) 

Fg 

t/'T 

J s 



t/^T 



The process (F^^t, s < t < T) is cadlag and non negative. Hence a.s. 

liminf(Ftr 5 ,t) = (li^inf 7 ^- > (C - C A L)rg j^- > 0 . 

Finally, Yf > YJ" for any s G [0,T] and L > 0. Taking the limit as L goes to 00 yields the 


claim. 


□ 
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Remark 5 Note that all these results can he extended immediately if we assume that the 
filtration supports also a Brownian motion W and if our singular BSDE has form 



Jz 


where f satisfies conditions (A) and is supposed to he Lipschitz continuous in z. 

1.3 Random terminal times 

In this section we consider the case where the terminal time r is random. Again we proceed 
via truncation of the terminal condition to obtain a family of solutions to ([5|) with 

bounded terminal condition ^ A L. 

Assumptions Al, A2 and A5 from Section If . 21 remain in force, while assumptions A2, 
A4 and A6 are strengthened. The condition A7 was used to construct the a priori estimate 
(j7|) and is unnecessary here. Moreover, we need an extra condition between the random 
time T and the growth coefficients x in Al and K in A2 of /. This condition is denoted 
by B. Next, we present the complete list of assumptions. 

Al. The function y i— f{t,y,ijj) is continuous and monotone: there exists x € M such that 
a.s. and for any t S [0, oo) and 


(fit, y, Ip) - fit, y', fj))iy - y’) < xiy - y’)'^- 


; Q X M+ X Z —M such 


A2. There exists a progressively measurable process k 
that 



with P (g) Le6 (8) //-a.e. for any iy,'ip,(p), —1 < nf’^’^^iz) and < 'd[z) where 

d £ L'P. As in Section [1.21 we denote by K = ||i?||i 2 is the Lipschitz constant of / 

pi 

w.r.t. (cf. Remark [2|). 

Let 5* denote the value 


/ 


if 2x < 

if2|xl < 


—oo 


+ 2x 


( 11 ) 



B. There exists p > 6* such that 


IE (e^’’) < Too. 


If Condition B holds, then we put 


0 


if 2x < -A2, 

if2|x| < A2, 

if 2x > K^. 






( 12 ) 


. Vp+Vx-^ ^ V~P-YY 


P _ V _1 
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A3’. For every j > 0 and n > 0, the process Ut{j) = sup|j^|<j \f{t, y, 0) — ft\ is in -L^((0, n) x 
ri) and there exists m > h* such that E \Ut{j)\^dt < +oo. 

A4’. and (/^)~ are bounded. 

A5. There exists a constant q> 1 and a positive process rj such that for any y > 0 

Vi 

p is the Holder conjugate of q. 

A6’. rj and are bounded. 

Note that Hypotheses A3’ and A5 imply that 

E [ . — ds < + 00 . (13) 


Remark 6 (on Al) For a random terminal time, we cannot assume w.l.o.g. that X = 0 

in Al. 

Remark 7 (on B and A3’) If 2x < —K^, Condition B is satisfied for any stopping time 
T (including r = +oo a.s.) since one can choose p <t) in this case. 

Note that 5* and h* are non decreasing functions ofx cmd h* is a non increasing function 
of p, with limp^ 5 * h* = +oo and limp^+oo h* = 1. 

Assumptions (A’). We say that Conditions (A’) are satisfied if all following hypotheses 
hold: Al, A2, A3’, A4’, A5, A6’ and B. o 

Under the above conditions. Proposition |5]below shows that the truncated BSDE ([5]) has 
a unique solution M^). The crucial difference in order to obtain a supersolution to 

the BSDE with singular terminal condition to the case of a deterministic terminal time, is 
the derivation of a uniform upper bound for the family of processes (Y^) (cf. Inequality (I7|). 
Example [T] below shows that in general such an upper bound does not exist and that there 
exist stopping times r such that the sequence {Y/") converges to oo as L —)• oo for t < t. 
Consequently one has to restrict the class of terminal times. Here we draw inspiration from 
|29| . where BSDEs with random terminal time and singular terminal condition have been 
studied for the first time, and consider the case where r is given by a first exit time t = td 
of a diffusion H from a set D. 

More precisely, we assume that the filtration E supports a d-dimensional Brownian 
motion W which is orthogonal to tt and we introduce a forward process E in that is a 
solution to the stochastic differential equation 

dEt = b{Et)dt + a{Et)dWt (14) 
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with some initial value Hq G The functions 6 : —)• and a : —)• x satisfy 

a global Lipschitz condition: there exists some K > ^ such that 

Vx,y G ||c7(a:) - fT(y)|| + ||5(x) - b{y)\\ < K\\x - y\\. 

Under this assumption there exists a unique strong solution H to (1141) . Let D be an open 
bounded subset of whose boundary is at least of class (see for example m, Section 
6.2, for the definition of a regular boundary). From now on Sq is fixed and supposed to be 
in D. We define the stopping time r as the first exit time of D, i.e. 

T = td = inf{t >0, Et ^ D}. (15) 

The condition B imposes some implicit hypotheses between the generator /, the set D 
and the coefficients of the SDE (|14p . In the next lemma, we give sufficient conditions to 
ensure B. Let us denote by R the diameter of D: 

R = sup{|x - y\, {x,y) G D^}, 


by 11 (711 the spectral norm of a 

||(7|| = sup sup v.{a{x)a* {x))v, 

and by ||6|| the sup norm of b: 

||6|| = sup \b{x)\. 

Define jd to be equal to vr^/d if d = 1 and to be equal to the first positive zero of the Bessel 
function of first kind Jrf/2-1 if d > 2 (for d = 2, j2 ~ 2.4048). 

Lemma 2 1. Assume that there exists u > 0 and v £ R'^ such that for all x £ R'^ it 

2 2 
holds that b{x).v > n > 0. If 5* < then Condition B holds for all p £ (d*, ^^)- 

2. Assume that 6 = 0 (there is no drift) and aa* is uniformly elliptic, that is there exists 
a constant a > 0 such that {aa*){x) > aid for all x £ If 5* < then 

Condition B holds for all p £ (d*, -^(jd)^). 

Proof. Since D is bounded and not equal to a singleton it holds that 0 < d? < +00. 

Assume first that there exists > 0 and v £ R'^ such that for all x G the scalar 

product between b(x) and v is bounded from below by u. W.l.o.g. we can assume that 
|?;| = 1. Let t > Rjv. On the set {r > t}, it holds that Hq and are in D. This implies 
on the set {r > t}, for any 0 < s <t, that 

sup (-n). ( Hs - “0 - / b{Eu)du ) >tu - R. 
o<s<t V Jo J 

Hence from Theorem 11.2.2 in |27] 

P(r > t) < P ( sup (—f). (Eg - 

\o<s<t V 


f 


P‘0 ~ / b{Eu)du I >ti/ — R \ < exp ( — 


{th' — Ky 


|(T||t 
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This implies for all t > R/u that 


e^¥(T >t)< exp 



{tv — R)‘^\ 
IkP J ' 


It follows from Tonelli’s theorem that 


E(e^^) 



pe^¥(T > t)dt 


+ 1 < +00 


2 

provided that p < 

In the second case, it is known (see e.g. Friedman |9], Theorem 14.10.1) that the condition 
Ee^’^ < oo holds for all numbers p that are smaller than the principal eigenvalue of the 
infinitesimal generator £ of H on the set D: 

£(l){x) = - Trace {a{x)a* {x)D'^(j){x)) , 


where D'^cj) is the Hessian matrix of (/) G To derive a condition on a and R for 

Assumption B, we consider an auxiliary problem. The set D is contained in a ball B of 
radius R/2 and tb is the first exit time of S from B. Clearly t = tb < tb- Hence we can 
consider the operator C on the ball B. Moreover the principal eigenvalue of C is greater 
than the one of the operator (a/2)A. The principal eigenvalue of the Laplace operator A 
on the unit ball is given by the constant (jd)^. See |14) for details. Hence the principal 
eigenvalue of {a/2)A on B is given by ‘^{jd)'^■ Consequently, B holds if 


2ci , . ,9 

P < ■ 


□ 


Remark 8 (On A3’) The bound respectively ^{jd)‘^ Ql'Ve a minimal value for the 
parameter m in A3’ (see Remark\^ and Lemma [7^ in Appendix). 

Next we adapt the Definition [1] to the case of a random terminal time and present the 
main result of this section. To this end, we set 

Te = inf{t > 0,dist(Ht) < e}, (16) 

where dist(Et) denotes the distance between the position of E at time t and the boundary 
of D. 

Definition 2 (Weak snpersolution in the case of a random terminal time) We say 

that a triple of processes {Y, i), M) is a supersolution to the BSDE ([T|) with singular terminal 
condition = f, if it satisfies: 

1. M G Ip G Gioc{t^) and there exists some i> \ such that for all t > 0 and e > 0; 

e( sup \Ysf,ref + [ [ \'^s{z)\^Kdz)ds + < Too; 

Vse[o,t] Jo Jz J 
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2. Y is bounded from below by a process Y G §^(0, r); 

3. for all 0 < s < t and e > 0; 




sATs 


— Yt/\Ts + 


rtATs 

J sATs 


f{u,Yu,'tpu)du - 


rtATe 


' sATe 


'ifu{z)i^{dz, du) 



dMu. 


4- On the set {t > t}: Yt = = M = 0 a.s. and liminf yi/\T- > ^ a.s. 

t—^+oo 

We say that (Y, fj, M) is a minimal supersolution to the BSDE ([T|) if for any other super¬ 
solution (Y', M') we have Yt <Yf a.s. for any t > 0. 

Theorem 2 If t is the exit time given by m, under Assumptions (A’) there exists a 
minimal supersolution (Y,'ip,M) to ([1]) with singular terminal condition = ?• 


As in Section [1.21 we first consider the truncated BSDE (j5|). 

Proposition 5 Assume that Assumptions (A’) hold. Then there exists for each L > 0 
a solution {Y^, M^) G S^(0,r) x L^(0,r) x Af^(0,r) to the BSDE ([5|) with terminal 
condition Y.^ = ^ A L. 

Proof. We check that all assumptions of Theorem 3 in |23] are satisfied. The driver f^ 
(c.f. dni)) of the BSDE (|5|) satisfies the monotonicity condition A1 

y, i’) - y', V'))(y - y') < x\y - y'l^ 

a.s. for any {t,y,y',f^) G [0, T] x x L^. Moreover, from A2, is Lipschitz continuous 
w.r.t. fj. By Condition A3’, satisfies 


Vj >0, Vn G N, sup(|/^(t,y,0) - /^(t,0,0)|) G x (0,n)). 
\y\<j 


Moreover AL| and f^ft, 0,0) = ft AL are bounded from Assumption A4’. The conditions 
B and A3’ imply that there exists r > 1 such that 


6 = r 


X + 




2 ((r-l)Al) 

(see Lemma [ini in Appendix for the proof). Hence 


< p and 


r6 

p-5 


< m 


E 


r e^\\iALf + \f\tMY)dt<+^. 

Jo 


(17) 


Next, let = E[^ A L\Et] and let (T, I, N) be given by the martingale representation of 
fAL 

poo poo p 

^AL = E[^AL]+ / TsdWsE / / lsiz)n{dz,ds) + Nr. 

Jo Jo Jz 


17 






Since ^ A L is bounded (by L for L large enough since is supposed to be bounded), the 
process is also bounded by L. Using Conditions A1 and A2 we obtain for some constant 
C (depending on r) which will change from line to line: 


E 


Jo 


kWdt 


< CE 

< CE 
+ CE 


Jo 

r e^^WkWl^dt 

Jo . 

Te^V^ALrc 

Jo 


dt 


ACE / e^y^AL\^dt 


+ CE 


[\^^\Ut{Wdt 

Jo 


Since is bounded, using A4’ as in Inequality (1171) . one can show that the last term is 
finite. By Holder inequality, for any h > 1 and h > 1 such that (h — l){h — 1) = 1 


E 



< 



l/h 




But since ^ A L is bounded, the process I coming from the martingale representation is in 
any L((*(0, r), m > 1. Hence choosing h close enough to 1, this term is also finite. We 
proceed similarly for the remaining term: 


E 



e^^\Ut{L)\^dt 




\UtiL)ydt 


i/h 


From Hypotheses B and A3’ we can choose h and h such that 5h < p and rh < m. 

Hence the assumptions of Theorem 3 in |23) hold and there exists a solution {Y^ , M^) 

to the BSDE ([5|) with terminal condition Yr = ^ A L. More precisely for any 0 < t <T 


Yy = 


'TAr 


/•TAt 

' IAt 
cTAt 


[f{s,Yyy) + {-is^L)] ds 


pTAt p pTAt 

/ / i^Hz)n{dz,ds)- dM^, 

JtAr JZ JtAr 


and Y/" = ^ a L on the set {t > r}. □ 

Observe that the proof of Proposition [S] does not use the fact that r is a first hitting 
time but works for every stopping time r that satisfies the integrability conditions B and 
A3’. Moreover if we assume 

(18) 

for some constant K^, then in B we need simply p > X (see Remark 2 in |23)1. 

The next example shows that further assumptions on r are necessary in order to en¬ 
sure that the family Y^ is uniformly bounded from above. Therefore we will assume the 
particular form (1151) of r in the sequel. 


Example 1 Assume that f{t,y,'ip) = —|yp and ^ = oo. We assume that the filtration T 
supports a stopping time r such that E [i] = oo and that satisfies the integrability conditions 
B and (jl3p . This holds for example for all stopping times that have a continuous density 
function f on M_|_ with /(O) > 0. In particular, one can take r to be the first jump time of a 
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Poisson process, in which case r is exponentially distributed. For each L > 0 let denote 
the solution to BSDE ([5|) constructed in Proposition O Next, we derive a lower bound for 
. To this end let Xt = exp(— Jq Yj^ds). From ltd’s formula we obtain 

dY/^X'^ = -{Y/^Xt)^dt + Z^X'^dWt. 


In particular, this implies Yq = E X^ds + LX^ . Next, fix a realization u £ 11. 

Consider the deterministic control problem of minimizing the functional x^(s)ds + 

Lx^(t(uj)) over functions x : [0,r(a;)] —)• M starting in x(0) = 1 and being absolutely con¬ 
tinuous. Using Pontryagin’s maximum principle one can show that the trajectory x{s) = 
optimal in this deterministic problem. In particular, it follows that 


I 


iuj) 


x‘^{s)ds + Lx"^{t{lo)) = 


t{uj) + l/L 


< 


/ 

Jo 


{u})ds + 


Taking expectations yields Yq > E 
gence lim inf[i] = oo. 


1 

t+1/L 


and consequently we have by monotone conver- 


The preceding exampie shows that we cannot expect to obtain a finite supersoiution to 
(fT]) with singuiar terminai condition and random terminai time if the terminai time occurs 
too suddeniy. Therefore we restrict here attention to the case where r is the first hitting 
time of a diffusion. We introduce the signed distance function dist : —)• M of D, which is 

defined by dist(x) = inf^^^) ||x — y|| if x G and dist(x) = — inf^g/) ||x — y|| if x ^ D. The 
next resuit is a Keiier-Osserman type inequaiity (c.f. (HSI) and see mm)- Using anaiyticai 
properties of the diffusion near the boundary dD, aiiows us to bound at each time t the 
vaiue of process Y/" against the distance of the diffusion H to the boundary dD. 


Proposition 6 If t is the exit time given by CSl), under Assumptions (A’) the solution 
processes Y^ constructed in Proposition\^ are bounded uniformly in L: There exists a process 
Y G S^(0, r) and a constant C such that: 


(19) 


Proof. First observe that the iower bound of Y^ foiiows as in Proposition [T] from 
a comparison theorem with a BSDE with terminai condition —and driver g{t, y, 'tp) = 
{f{t,y,'ip) - ft) - {ft)~- 

For the upper bound, iet /r > 0 and introduce the set = {x G |dist(x)| < y}. 
Then it foiiows from Lemma 14.16 in m that there exists a positive constant yt such that 
dist G C‘^{Dfj_). Since D is bounded there exists a constant i? > 0 such that 0 < dist(x) < R 
for ail x £ D. Let y? G [0,1]) with ip = 1 on \ and </? = 0 on D^j^. For 

0 < e < 1 we define a function g £ C'^(R'^,R+) such that g = {1 — y?)dist + Rip + e on D. 
Since g > e on D, there exists a function <i> G C'^(R'^,R+) satisfying $ = on D 

for any C > 0. Observe that $ is bounded from above by Odist”^^^”^^. Next we apply Ito’s 
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formula to the process For every t < t this yields 


d^Et) = {p- + V^Et)a{Et)dWt 

Vt 

+ ( +'^Tvace{aa*{Et)DH{Et)) - (p - 


Vi 


9-1 


dt 


Vt 


dt + V^Et)a{Et)dWt 


+ 


/o + V^{E^)h{E,) + \ Trace(aa*(Hi)Z)2c^(H0) - {p - 1)^^ 
^ Vt 


dt. 


On D we have 


= C'^g-Mp-^) = C'^g-‘^P 

= -2{p-l)Cg-^P+^Vg 


52$ 

dxidxj 
For t < r let 


= -2{p - l){-2p + - 2{p - l)Cg-^P+^ 


d^g 

dxidxj 


Gt = VHEt)b{Et) + ^TTtxceiaa*{Et)D‘^^Et))-ip-lf'^^'^ 


Vi 


q-l 


= -{p-l)Cg-^P{Et)H{Et) 


with 

(7P-i 

^(=t) = -^ + 2(5Vc/fe)(St) + {-2p+l)\\a{Et)Vg{Et)\\‘^ + [g Tiaceiaa*g)] (S*) 

Vt 

/^p-i 

> _i + 2(gVgb)(Hf) + {-2p + l)\\a{Et)Vg{Et)f + [gTrace{aa*D'^g)] (-*), 

\\V\\oo 

since from condition A6’, g is bounded. Now D is a compact set. Thus the continuous 
functions b and a are bounded on D. Moreover, the functions g,Vg and D^g are bounded 
on D uniformly in e. Hence there exists Cq > 0 which does not depend on e such that for 
any C > Cq, for every t > 0 and on D we have H{Et) > 1. 

Again by Assumption A6’, the process is bounded from above. Hence for some C 
large enough: 

-Qt = Gt + f? = -ip - l)Gg-^P{Et)H{Et) + /O < -(p - l)Gg-^PiEt) + ||/°||oo < 0. 


Now the constant G is fixed. The process ‘h(H) satisfies 


^TAt 


r 

= ^(HTAr)+ / 

JtAr 

pTAr pTAr 

+ / Gsds - / 

J tAr J tAr 


Vs 


ds 


20 



















for all 0 < f < T, with Qg > 0. Let us denote by Z the martingale 



Jo 

The triple (<h(H),0, Z) is solution of the BSDE with the generator: 

= -{p- 1) ^ +/° + /(L0,V^)+ gf 

Vt 

and terminal condition Condition A5 on / implies that 


Moreover we choose e small enough such that L < C. Hence < ^(Etat) 

on {T > r}. The comparison principle (c.f. Remark 3 in |23]) leads to: for any t > 0, 
< ^{EtAr) and by construction $(Hi/\T-) < C'dist“^^^“^^(Hy/\T-). This achieves the 
proof. □ 

Now as in Section II.21 we can define a process Y as the limit of the increasing sequence 
Y^ to obtain the minimal supersolution of ([T]). The next proposition completes the proof 
of Theorem |2] 


Proposition 7 Suppose that r is given by (USD and that Assumptions (A’) are in force and 
let (Y^ , M^) denote the solution of BSDE ([5]) obtained in Proposition\^ Then there 

exists a process {Y,f;,M) such that Y^ converges a.s. to Yt, converges in L^(0,Te) to 
if and converges in Al^(0,re) to M for any e > 0. The limit process {Y,ip,M) is the 
minimal supersolution for the BSDE (P) with terminal condition 


Proof. We proceed as in the proof of Proposition (3] We outline the main steps. First 
observe that Y^ converges a.s. to a limit process T by a comparison principle (c.f. Remark 
3 in |23)). Recall the definition of the stopping times r^, e > 0, = inf{t > 0,dist(ry) < e}. 

We have dist(ri/\Te) > £ for e small enough. Moreover Tg converges to r when e goes to zero. 
Using this sequence of times Tg, the whole sequence (Y^ ,if^, M^) converges to (T, if, M) on 
§^(0, Tg) X T^(0, Tg) X Af^(0, Tg) for all e > 0. The main argument is that by Proposition |6] on 
the interval (0, r^), the process Y^ is uniformly bounded by Moreover {Y,if,M) 

satisfies for any e > 0 and any 0 < t < T 


YtAr, 


YtATs + 


rTATs 

J tATr 


f{s,Ys,ifs)ds 


tATi 

TAt, 


rl ATe r 

/ / ifs{z)n{dz,ds) 

J tATe J Z 



dMg. 


Since the filtration is supposed be to left-continuous, we have a.s. limy^+oo C A L. 

Therefore we obtain the following behaviour of Y at the terminal time liminfy^+oo YtAr > f,- 
The minimality of the solution follows by the same arguments as in Proposition |4] □ 
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2 Optimal Position targeting 


2.1 Problem formulation 


Let us now describe the stochastic control problem. We assume that the setting from Section 
ll.ll is given. Moreover, we suppose that the measure /i is finite. As in Section [T] we fix 
some p > 1 and denote by q = 1/(1 — 1/p) its Holder conjugate. Let r be a F stopping 
time. For any t £ M_|_ and x £ M, we denote by A{t, x) the set of progressively measurable 
processes (A 5 )s>o that satisfy the dynamics 

ps\/t rsWt p 

Xs = x+ / audu+ / / I3uiz)7r{dz,du) (20) 

Jt Jt Jz 


for any s > 0 and for some a £ L^{t,oo) a.s. and /3 £ Gioc{t^). Observe that for all 
X £ A{t, x) it holds that Xg = x for all s < t. We consider the stochastic control problem 
to minimize the functional^ 


J{t,X) =E 


.J t/\T 


r]s\as\^ +'jslXsl^ + / Xsiz)\/3s{z)fp{dz) ] ds + ^\X. 


Xt 


( 21 ) 


over all X £ A{t,x). The random variable ^ is supposed to be non negative and may take 
the value oo with positive probability. Observe that if for x > 0 there exists X £ A{t, x) 
such that J{t,X) < oo, then t > t a.s. and X satisfies almost surely that 


1^=00 — 0 . 


( 22 ) 


This way we impose implicitly a terminal state constraint on the set of admissible controls. 
For future reference we define the set 5 by 5 = {^ = +oo}. The coefficient processes {rit)t>o, 
{7t)t>o and {Xt)t>o are nonnegative progressively measurable cadlag processes. The process 
A is P-measurable with values in [0,+oo]. 

We introduce the random field v that represents for each initial condition {t, x) the 
minimal value of J 

v{t,x) = essinf J{t,X). (23) 

XGA{t,x) 

Theorem [3] below summarizes the main results of this section. It shows that the value 
function v and optimal controls of the control problem (|23l) are characterized by the BSDE 
(j3| with singular terminal condition 

yQ r 

dYt = {p - l)-^dt + @{t,Yt,'tlJt)dt - jtdt + / ipt{z)'Tr{dz,dt) + dMt O 

rft Jz 


where the function 0 is given by 


0(L y,'fp) = j^{y + V’(2)) - 


^tiz) 


{{y + ^p{z))<i-^ + Xtiz)<i 




^y+tp(z)>o p{dz). (24) 


Again we distinguish two cases. In the first case we assume that r is deterministic and 
impose some integrability assumptions on the coefficient processes {rit)t>o {'yt)t>o- 

^We use the convention that 0 • oo := 0 
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Assumption (Cl). The stopping time r is a.s. equal to a deterministic constant T > 0. 
The process rj is positive, the process 7 is non negative, such that for some ^> 1 





/ {p, + {T-tfptYdt 

< 00 and E 

Uo J 


[Jo m \ 


o 

In the second case we assume that r is given by m as the first hitting time of a 
diffusion. We need to impose some stronger boundedness conditions on r] and 7 compared 
to (Cl). 

Assumption (C2). We have t = td and there exists p > p{Z) such that < 00 . 

The processes rj and 7 are bounded from above, rj is positive and satisfies the integrability 
conditions 


E 


/ 


q—l 

0 pl 


dt 


+ E 


1 




m(q-l) 


dt 


< 00 


for all n G N and for some m satisfying: 


(25) 


_ 2/0 

P - P{Z) + {^- ^J2p,{Z))lp^2^,(z) 


The process 7 is non negative. o 

Lemma |2] gives sufficient conditions on the coefficients of the forward SDE (|14p such 
that Ee^’^ < 00 holds. 


Theorem 3 Let Assumptions (Cl) or (C2) hold. Then there exists a minimal supersolu¬ 
tion (Y, ijj, M) to ([3]) with singular terminal condition = ^. Set Yg = ^ for all s > t. For 
all {t,x) G K_|_ xM. it holds P-a.s. that v{t,x) = YfX^. Moreover, for every {t,x) G M_|_ x R 
the process X satisfying the linear dynamics 

rs\ft \q—l psVt p 

Xs = x- ( —) Xudu- / Xu- / Cu{z)'Tr{dz,du), 

Jt \VuJ Jt Jz 

with 

. ( . {Yu-+Mz))^-^ 

^ [{Yu-+Mz))^-^+K{z)^-^] 

belongs to A{t,x), satisfies the terminal state constraint (j 22 p ift < r and is optimal in (I23|. 


The optimal process X* is given explicitely by 


xexp 


exp 


Jt \VuJ 

_ 


ps\/t p 

Jt Jz 


In (1 — Cu('2^)) T^{dz, du) 


(26) 


To prove Theorem [3] we first conclude from Theorems [T] or [2] that there exists a minimal 
supersolution to ([3| . We then consider a variant of the minimization problem (I23p , where we 
penalize any non zero terminal state by A L)\Xt-\^ and thus omit the constraint At-I^ = 0 
on the set of admissible controls. We show that optimal controls for this unconstrained 
minimization problem admit a representation in terms of the solutions Y^ of a truncated 
version of ([3|. We then use this result to derive an optimal control for (1231) . 


23 




















2.2 Existence of a minimal supersolution 

Observe that BSDE (j3|) is a special case of © with generator / given by 


= -{p - + 7t- 

m 

Recall that in this section /i is snpposed to be a finite measnre, thus 0 (given by (1241) 1 is 
well-defined. Here we have that /f = /(t,0,0) = 74 . For simplicity we denote by w the 
function 

Mz) 


= (y + <(>) 1 - 


((y+ </.)'?-! +At 




such that 


0(t, 2/, 'tPiz))yidz). 

The next result is a consequence of Theorems [T] and [ 2 ] 


Corollary 1 Under Assumptions (Cl) or (C2), t/ie singular BSDE ([3j has a minimal 
non negative weak supersolution {Y,^,M). 

Proof. We have to prove that / satisfies Conditions (A) (respectively (A’)) if (Cl) 
(respectively (C2)) holds. A simple computation proves that for a fixed (^"0) G [0,T] x 
and z & Z, the function y 1 —>• w{t,y,il^{z)) is non decreasing and of class on M with a 
derivative bounded by 1 


dw 

dy 


{t,y,i’iz)) = 1 - 




{{y + + Xt{z)i-^f 


^y+i’iz)>0- 


Since 7 > 0, the condition A1 is satisfied with x = 0. 

From the same argument the function w is Lipschitz continuous w.r.t. 'ip{z) and hence 
we obtain 


|0(Cy,V’) - Q{t,y,'4’')\ < |V’( 2 ) - 'll)'{z)\y{dz) < y{zf/‘^\\'ilj - V^'l 


LI- 


Moreover for any (t,y, ^,'0') G [0,T] X M X we have 

f{t, y, i’) - fit, y, V’O = -©(C y, V’) + ©(C y, V'O = ^(^)))m(o^^) 

iHz) - iz)y{dz) 


L 


where 


w{t,y,'il){z)) - w{t,y,'il)'{z)) 

f’iz)-i>'iz) 


tp{z)^'il>'(z)- 


Since ro is non decreasing in ip with derivative bounded from above by 1, we obtain — 1 < 




< 0. Thus Conditions A2 and A7 hold for any k > 1. We can even note that ([2|) 


(cf. Lemma [Hand Remark |4|) is true with Kj. = 0. For every r > 0 and |y| < r we have 

\ii\y Irl'J 

|/(t,y,0) - /°| = ip-l)^ + |©(Ly,0)l < {p-l)l\+y{Z)\r\ =: [/^(r). 


m 


m 
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By Assumption (Cl), the mapping 1 1 —)• Ut{r) is in L^((0,T) x Q) and Condition A3 holds. 
Condition A4 holds since 7 and ^ are non negative. Finally since 0 > 0, Condition A5 is 
satisfied and A 6 holds if Assumption (Cl) is assumed. 

A similar computation shows that under (C2), Conditions A4’ and A6’ hold. We 
have here y = 0 and K"^ = n{Z), thus 6* = n{Z) (see Equation m) and therefore 
the assumption p > p{Z) implies Condition B. Moreover from (1251) . the process Ut{r) is 
in L^((0,n) x Q) for any n G N and satisfies E \Ut{r)\^dt < + 00 , with m > h* (see 
Equation (|12l) l. Hence Corollary [1] is a direct consequence of Theorems [1] or [2] Moreover, 
by Proposition [1] (respectively Proposition [5]) there exists a solution {Y^, M^) of the 
truncated BSDE 

dY,^ = (p — 1) ^ * I - dt + Q{t,Y/','iljf')dt — {-ytL)dt + [ 'ip^{z)n{dz,dt)YdMjp (27) 

Tt Jz 

with terminal condition Y^ = ^ A L. The process (Y, ip, M) is the limit as L goes to +00 of 
(Y^,ip^, M^) and is the minimal (super-)solution of the BSDE (|3|). □ 


2.3 Penalization 

For L > 0 and {t, x) G M+ x M we consider the unconstrained minimization problem: 


v^{t,x) = essinf J^{t,X) 

XeA{t,x) 


= essinf E 

XGA{t,x) 


' tf\T 


Vs\as\^ + hsL)\Xs\P + / \siz)\/3siz)\Pp,{dz)] ds 


+i^AL)\Xr\P 


Tt 


(28) 


Proposition 8 Let Assumption (Cl) or (C2) hold and let (Y^,'ip^, M^) be the solution 
to (1271) with terminal condition Y^ = ^ A L. Let Yg = L A ^ for all s > r. Then for all 
{t, x) G 1R+ X M the process X^ satisfying the linear dynamics 

/ sWt /aaLx rsVt /* 

X^dr — J X^_ j (^{z)TT{dz,dr), 

with 

c^(z) = 

" ^ ^ [(T^_ + +a.(2)'?-i] 

is optimal in (|28l) . Moreover, we have v^{t,x) = Y/"\x\^. 

To prove Proposition [ 8 ] we will make use of the two following auxiliary results. The first 
lemma shows that in the case x > 0 we can without loss of generality restrict attention 
to monotone strategie^. To this end we introduce the set T>(t,x), the subset of A{t,x) 
containing only processes X that have nonincreasing sample paths (i.e. at < 0 and I3t{z) < 
0 ), and that remain nonnegative. 

®It is straightforward to show that v{t,x) = v{t,—x) for all {t,x) £ R+ x R+. Therefore, we restrict 
attention to the case a: > 0 in the sequel. 
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Lemma 3 Let x > 0. Every control X G A{t,x) can be modified to a control X G 'D{t,x) 
such that J^{t,X) > J^{t,^). In particular, v^{t,x) = essinfjj('gx’(t,a;) J^(t,X). 

Proof. For s > 0 we consider the solution of the following SDE 

^ /*sV£ psVt p 

Xg = X — / a~du— / / fis{z)~T^{dz,ds), 

Jt Jt J z 

where x~ denotes the negative part of x. This process is nonincreasing and satisfies Xg < Xg. 
Then we define 

X, =X,V0 = (X,)+. 

By Tanaka’s formula we have 

/ sVt psWt p ^ 

We define 

Og = —, fis{z) = ~Ix ^ 

Then X belongs to T>{t,x). Moreover we have 

ISsI < |as|, |3 s( 2)| < |/3s(^;)|, 0<X^<|Xs| 

which implies that J^{t,X) > J^{t,2Q- D 

The second lemma provides the dynamics of two auxiliary processes. 


Lemma 4 Let Assumptions (Cl) or (C2) hold and let {Y^, M^) be the solution of 
dSil). Let X^ G A{t, x) be the strategy from Proposition\^ Then we have for t < s < t that 

d{'qg\a^f’~^) = {X^-Y~^dM^ - {-fg A L)\X^\P~^ds - j (j)g{z)7r{dz,ds), 

with (j)g{z) = YY\X^_\p~^ — Xg{z)\fig {z)\P~^. Moreover, we have for t < s < t 


d{YY{X^Y) = - 


r?,|a^|?> + 7f(Xf)^+ / \g{zM{z)\^pi{dz) 


ds 


+{X^.YdM^ + {X^.Y {Y^-+Y^{z)) {l-CKz)Y-l n{dz,ds) 


Proof. To simplify notation we set yj" = jg A L. Recall that X^ and Y^ satisfy the 
following dynamics for t < s < t 

dXf = Jll^X^ds- [ xYC^{z)7r{dz,ds), 

Vs Jz 


dYfi = 


ip-r^^+d{s,YY,Y^)-% 

Vs 


ds + J Yg{z)Tr{dz,ds) + dM, 


For t < s < r let 

9g = r^g\a^\P-^+ [%t\x!:r"du = YY\Xtr^+ r 
Jt Jt 


^du. 
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Applying the integration by parts formula to 0 results in 

= {x^.y-HYY + Y^^.ix^.y-^ {-{p-ds 

+Y^^.{X^.y-^ ^ ((1 - c,^{z)Y-^ - l) p{dz)ds 


YY^iX^y-^ ^ ((1 - (,^{z)Y ' - l) lT{dz,ds) 

+{XYT~^ (^{I-CHYY ^ - l) '^idz,ds) +p'yYxY^~^ds 

= {xYy-^e{s,Yy,y^)ds + {xYy-^ jjxY- + y^{z)) ((i - c^{z)Y~^ - 1) p{dz)ds 
{xYy-^dM^ + {xYy-^ [ {YY+y^{z))({i-cHz)Y~'-^)^idz,ds) 


= {xYy-^dM^ + {xYy-^ljYY- + y^{z))[{i-c^{z)Y "-i)^dz,ds) 

from the definition of and 0 (see Equation (|24p l. Moreover we have 

(y,^- + Yi^)) [(1 - W)”"' - il = A,(2)ci'(2r' - (ry + YU)), 


which yields the first claim. 

For the second equation we apply the integration by parts formula to the process 
Y^{X^y to obtain 


d{Yy{x^y) 


But note that 


= (xi^YdYi- + Y,id((x^r) + <^(y^ (x‘-n 


’/.(xy^+yixy 


q 

Vs 


S \‘‘^S 

L ^lL\ 


ds + ixyydM^ 


+ixYyQ{s,YY,y^)ds 


+ yYy) (i - cHz)Y - 1 Yidz)ds 
+{xYy IjYY-+yHy) [(i - cH^)Y - 1] ^{dz,ds). 


i«fr = 


-i-c 

q—1 s 
Vs 


p (Y^y T 

= y^ix^y 

Vs 
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and from the very definition (1241) of 0 

+ -ip^{z)) (l-Cf(z))^-l n{dz) 


[(y^ + 'tl;^{z))i-^ + A^(z)'?-i] 
K{z) 


(|y/ + + As(^)«-^) 


-I'lp-l 


fi{dz) 


= - I (Y.^ + '^Hz)) 


As(^) 


[(a;^ + i^Hz))'^-^ + A.(z)'?-i]'’ 
= - J^Kiz)\Cs{z)\Pfi{dz). 


{Y^^+ 'iPs{z)y ^ d'idz) 


□ 


We close this section with the proof of Proposition |8l 
Proof of Proposition [8l We omit the superscript L in the sequel. Let {t,x) € M+ X M+. 
Take another process X in 'D(t,x). Use the convexity of the function y i—)■ \y\P and a* < 0 
to obtain 


f {ris{\as\^ - \as\^)) ds <-p [ ps\as\^ ^ {as - o-s) ds 
JtAr JtAr 


-p f Ps\as\^ ^{dXs - dXs) + p f [ PsAsY’ ^ {I3s{z) - I3g{z)) Ti{dz,ds) 

JtAr J tAr J2, 


= z}+zf 


t “T 


(29) 


By integration by parts on the first integral and using Lemma |4] and boundedness of X and 
X (see Lemma |3|), we obtain 


vA^z} = - 


p¥A^ [pr\ar\^-\X^ - XA] +pE-^‘ r {Xs - Xs)d (?7slasr^) 

t/\T 


—pE"^* 

L.t4AT J Z 

= -pE-^‘ [Y^XP-^{Xr -Xr)]- 
— pE"^* 


{I3s{z) - 13Az)) (t)s{zA{dz, ds) 

r {j,AL)\xAP-\X,-XAds 

tAr 

{l3s{z) - Ps{z)) (l>s{z)y{dz)ds 


.JtAr JZ 

where (j) is defined as in Lemma |4] Using again convexity of y i—)• |y|^ yields 

< -E-^‘ [(^ A L)iXP - X))] - [ r ils A L){XP - 

J tAr 


-pE-^* 


tAr J Z 


{l3s{z) - 13Az)) (j)siz)p{dz)ds 


Moreover we have 


E-^*X? = 



tAr J Z 


Ps\as? ^ {^s{z) - ^siX) p{dz)ds 


(30) 


(31) 
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Now, using (|2^ . (1301) and (1^ we obtain 


J{t, X) - J{t, X) < 


/ tAr J Z 

+E-^* 


P iPsiz) - Psi^)) iPsiz) - VsAsl^ p{dz)ds 

' uz){mzw-\Mzr)p{dz)ds 


' tAr J Z 


Now recall that r]s\cxs\^ ^ = Y^\Xg\P From the definition of pg and from convexity of 
X I—>■ \x\'P we obtain: 


J{t,X) - J{t,X) < E- 


•Tt 


' tAr J Z 


{Pg{z) - Pg{z)) {\x^-r^ - \x^r^) p{dz)ds 


and therefore J{t,X) — J{t,X) < 0. 

It remains to verify the identity v^{t,x) = Y/"\x\^. But from Lemma S] we deduce that 


Y,^\x\P = E-^* 


' tAr 


r]u\au\^ + lui^uf + K{z)\Pu{z)\P p{dz) 


du + ¥ApY^\X^\P) 


= J(t, X) = v^{t, x). 


□ 


2.4 Solving the constrained problem 

This section is devoted to the proof of Theorem |3l For the convenience of the reader we 
restate the result here. 


Theorem 4 Let Assumptions (Cl) or (C2) hold and let (Y, pi, M) he the minimal solution 
to ([3|) with singular terminal condition Yr = ^ from Corollary{I\ and letYg = for all s > r. 
Then v{t,x) = y)|x|P for all {t,x) € M+ x M. Moreover the control given by Equation (I26p 


X* = X exp 

-1 

1 

< 

1 

Pi. 

e 

exp 

■ i-sWi /• 

/ / ln{l - Cuiz))Tr{dz,du) 


Jt WuJ 


Jt Jz 


with 


Ctiz) = 


{Yt- +Mz)) 


q-l 


[(Xt- + + Hz)i-^ 

belongs to A{t,x), satisfies the terminal state contraint (|22l) ift < r and is optimal in 


Proof. Let [t, x) € M+ X M+. If r = T is deterministic, we set = T — e for e > 0. In the 
case where r = r/r is given by (IlSp . the stopping time is defined as in (|16p . 

Observe that Y and Y^ satisfy the same dynamics before time Hence, the results 
from Lemma m remain to hold true if Y^ and X^ are replaced by Y and X*. In particular, 
it follows that the process 

9s = - TtArel^iAre T"' + lulXirXu, S>tAT„ 8 >0, 

J tATe 
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is a nonnegative local martingale on the stochastic interval |t A r^, r| for any e > 0. Conse- 
qnently it is a nonnegative snpermartingale and thus converges almost surely in M as s goes 
to r (see Chapter V.3 in [16] or Appendix A in j^). Hence 


0 < x; = 


P^sAt 


q-l 


< 


pYs 


q-l 


Since Y satisfies the terminal condition lim infI 5 = 00 we have a.s. on the set 
{t < r} n 5: 


0 < x; < 


Ws 


q-l 


0 


when s goes r . It follows that X satisfies (|22l) if t < r. 

Appealing once more to Lemma 0] we observe that for t < s < t 

d{Y,{X:f) = -[ry,|«:r + 7s(X;nds-^A,(z)|/3:(z)lV(d^)d^ 

+[Xl.fdMs + (x:_r ^(y,- + iPt{z)) [(1 - C.(^))^ -1] ^dz, ds) 
Since \X^\ < x we deduce for all e > 0 


YAx\P = 1 


{i<r} 


E' 




rTgVt 


Jt 


rj^\a:\p + juix:r+ / Xu{z)mz)\Pp{dz)\du + Yr,^AXr,yt\^ 




> lp<.}E-^‘ / \vu\aS + lu{X:r+ I X4z)mz)\y{dz)\du + l{^^^^YrMXr,vt\^ 


rTgWt 


+ l{t>r}'^(^) X*) 


Appealing to monotone convergence theorem yields 


lim 1 


£—^0 


{t<T} 


E-^‘ 


= 1 


{t<T} 


IJt 

E-^* 


r 


Vu\oil\P + luix*f + / Xuiz)\/ 3 liz)\Pp{dz) } du 


r]u\al\P + lu{XlY + / Xu{z)\Pl{z)\Pp{dz)\ du 


Since we have lim infg^o ^ i and by Fatou’s lemma, we obtair 0 


li^inf l{t<r}E-^‘ [l{«<oo}Xr,vt|Xr,vtr] 


> l{t<r} 


E‘^‘ [lim inf; 


L £—^0 


■ {5<oo} Vt I X-r-g Vt 


> ip<,}E-^‘ [i{5<^}eix.r] 


Alltogether we obtain that > J{t, X*). Next, note that for every X £ A{t, x) we have 

J{t,X) > J^{t,X). This implies v{t,x) > v^{t,x) for every L > 0. By Proposition | 8 ] we 
have YY\x\^ = v^{t,x). Minimality of Y implies 

Yt\x\^ = lim yY\x\^ = lim v^{t,x) < v{t,x). 

Ly'oo Ly'oo 


^Recall that 0 • 00 := 0 
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Consequently we obtain 


Yt\x\P > J{t,X*) > v{t,x) > Yt\x\P 


and thus optimality of X*. 


□ 


Appendix 

Some details concerning the proof of Proposition [3] 

In this section we give the details for the proof of Proposition |3l The constant i is defined 
in Condition A6. Let us begin with two results contained in |23) . For ^ E let 


E S^(0,T) x L^(0,T) x Ai^{0,T) be the classical solution of the BSDE: 



where the generator g satisfies Conditions Al, A2 and A3 and = g{t, 0,0) is in ]HI^(0, T). 
Again the existence and the uniqueness of {Y,'ijj,M) comes from Theorem 2 in |23) . Recall 
that i'{x) = \x\~^x\x^o- The first result is the ltd formula. 

Lemma 5 (Corollary 1 and Remark 1 in |23| 1 Let c{i) = 0 < s < t < 

T, then it holds that 



Ysf<\Yt\^ + i \Y^\^-^u{Yu)g{u,Yx,,i;x,)du-c{i) \Y^\^-HY^^od[M] 


C 

U 


J s J s 



s J s J Z 





s<u<t 


Moreover ly^=od[M](^ = 0. 

The second result is the following. 

Lemma 6 (Lemma 9 in [23]) If i < 2, the non-decreasing processes involving the jumps 
ofY control the quadratic variations: 


Y [a.- + AA4|^ - \Y^-f - i\Y^-f-^u{Y^-)AM^ 


0<u<t 


>cii) Y |AM„|2(|y„_|2v|y„_ + AM,|2)'/' 'l|y_|v|y_+AM .40 


0<u<t 


and 





^-l\Y^-\^ ^z^(y„-)V^„(z) Tr{dz,du) 
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The main step in the proof of Proposition |3]is the convergence of the solution '0^, M^) 

of the BSDE (|5|) with terminal condition ^ A L. In order to carry out this step, we 

need suitable a priori estimates for the difference . We proceed as in Proposition 

3 in |23| . These are established in Lemma [9] below. Let 0 < s < t < T. For L and N 
nonnegative, we put 

Ys = Yf-Y,\ ^s{z)=^^{z)- {z), M, = Mf - . 


W.l.o.g. we may assume that i <2 and we choose o = £||'!?||? 2 /(^ ~ !)• Then Ito’s formula 
(see Lemma [5] above) implies 


rt 


-i f Y^^\Y^-\^-^v{Y^-)dM^-l f e^^\Y^-\^-^v{Y^-) [ ^^zMdz,du) 
J s J s J Z 

- f [ \\Y,-+Mz)f - \Y^-f -e\Y,-f-^iy{Y,-)M^)] 7:{dz,du) 
0<s<t 

-c(C) 

J s 


(32) 


Here ^{x) = |x| and c(£) = (.{I — l)/2. For the term containing the generators we 

have 


<\Y^t^v{Yu){f^{u,Y^,i:^)-f^{u,Y^,^^)) 

fLt„. vN „i.N\ fL/„. vL „i.L 


+\Y^rMYu){fHuX\€) - riu,Y^,i^u)) 

< |yj'-V(yj(/0 A iv - /O A L) + |y„|'-ir.(yj(/^(u, Y^^,^p^) - y^, i,^)) 


<\Y^t^\f^AN-ruAL\ + \Yu\ 


l-i 


i)u{z)n. 




iz)Kdz) 


< A iv - /> L| + iT.r^iiV'.iiL^ 


where we used monotonicity A1 of w.r.t. y (with X = 0) and the condition A2 of 
w.r.t. '0. Then by Young’s inequality 

m\Ll\Yut^Uu\\Ll< 

We define 




X = e'^^\Ytf + i 


Jo 


A A - /° A L|du. 
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From Lemma [6] we obtain for every s G [0, t]: 


e-^\YX + c{^) Y, e““|AMj 2 (^|i;-| 2 v|y„-+AMj 2 ^ 


1 / 2-1 


s<u<t 


|r _|v|r _+AM„|^o 


+c(£) f lY^f-^/^uWhdu 


L--JU ^ 

/ s ^ J s 

rt ^ ^ ft ^ 

^au\^ |£—!,./■{/■ \ Yi/C/r 0 I ^au\-\/- \i—l. 


<x-i e““|y,-rV(y,-)dM„-£ / e““|y,-rV(y,-) / MzMdz,du). (33) 


Indeed from the choice of a, the terms 


2 

Ll 


^-l 


Is 


^du = a e““|y,/du 


' s ./ s 

cancel each other. 

Lemma [9] is a consequence of the following two lemmas. 

Lemma 7 There exists a constant Ci depending only on i such that for any 0 < t < T 


E sup e“"|y,|^ < C£E(X). 

Wm J 


(34) 


Proof. Indeed we take as a fundamental sequence of stopping times for the local mar¬ 
tingale 

f (dMu+ [ fjuiz)^{dz,du) 

Jo \ Jz / 

and ffc as a localization time 

rfc = inf|t>0, j V ^ l^y^_^^^y^^^^7r{dz,du) > k 


We set T = Tk /\ fk /\t. Now we have: 


p/2-l 


J 1 ) JJA s s 

= e/ e““ / |^,(u)| 2 V l|^^_|y|P^I^Q7r(du,ds) 

t/ 0 

From this equality and taking the expectation in (1331) we deduce that 

£/2-l 


cm E (lEP V |y„- + ^Y?) 

0 <'U<r 

+c(^)E re““|y„|^-2i^^^^d[M]c+ ^]E [\-'^\Yuf-^U^\\l,du 

«/ 0 t/ 0 

+^E j |'0n(^)P (|y„-P V |y„-+^„(2;)p) ' 1|Y 

< 2E(X) (35) 
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and we can allow r to be equal to t in this last inequality. Then using the Burkholder- 
Davis-Gundy inequality in (1331) we obtain that: 

E ( sup 

\0<s<t 


< E(X) + fc,E 


with 

mY + nY =i + i f MzMdz,du). 

Jo Jo Jz 

Since i > 1, the bracket of the first martingale is controlled by: 


keE ([. 


M 


yii /2 


< kiE 


1 . 




Y„-\^ W\Y,-+ AMu 




|y„_|v|y^_+AM„|^o 


d[M], 


1 / 2 - 


< ^E ( sup ) +k'fE 


0<u<t 


auiy- l£—2 

l-fn-l -|y^_|^o 


1,0 


+kjE\ Y, e““(|y„-pV|i;-+AA4 

iO<s<T 


£/2-l 


l|y _|v|y 


and for the second 


k(E 





< 


kfE 


( sup 

\0<u<t 



1 

2 



li;, 


|£-2 


ly^^o 


\'ipu{z)\^'K{dz,ds) 


1-1 

2 


< 



( sup e 
Vo<u<t 


au 




Hence the Inequality (1341) is proved. 

We apply again Young’s inequality to obtain that 


□ 


C(E{X) < CiE (e“*|Yt|^) + ^E 



AN - fllALfdu (36) 


and we can conclude that 


E ( sup e“"|nn < CiE (e'^^lYtf) + CgE [ e““|/° A Y - /° A Lfdu. 
Vse[o,t] J ^ Jo 


(37) 


Next, we derive a similar inequality for and M^. 

Lemma 8 There exists a constant Ci such that for any 0 < t < T 


E 


u: g2asA L \'ips{z)\^ ^i{dz)di 


ijl 


< CfEiX). 
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Proof. From Lemma |5l it holds a.s. 


f iR.o'iM; 

Jo 


= 0 . 


Hence 


E 


ft _ \ / ft 


£/ 2 ' 


< E 


sup e““|y„|^ 

0<u<t 


{2-l)/2 f i-t ^ ^_2 

,as Y "I * A/flc 


'0 


2-f 




c 

1 

VI 

du 1 T/' i£ 

sup e \Yu\ 

+ -E / e“* 

Ys 

L 

0<u<t 

2 Jo 



1-2 




£/ 2 ' 


where we have used Holder’s and Young’s inequality with + | = 1. With Inequality 


(1351) we deduce: 


E 


Jo 


112' 


< C'„E(Y). 


For the pure-jump part of [M], let e > 0 and consider the function Ue{y) = (|yp + 
Then 

£/ 2 ‘ 


E 




. 0 <s<t 


< E f sup 
Vo<s<t 


1{2-1)I2 


112 


< <! E (sup e^^/^Ue{Ys) 

\o<s<t 


Y, e“(u,(|Y,-|V|Y,-+AM, 

L 0<s<t 
{ 2 - 1)12 


1-2 


I AM, 


£/2 


. 0 <s<t 


2-i 
< -E 


X <j E j J] e“ (n,(|F;-| V jY,- + AM,|)) |AM, 

+ E e“(«.(lE|V|y,-+AM,|))'' “|AM, 


sup e^^UsiYsY 

,0<s<t 


Let £ go to zero with Inequality (1351) 

i/2 

E I Y 


k 0<s<t 


V0<s<t 


< -—-E ( sup e“|Y,|^ 
2 \o<s<t 


+|e( e“*(|Y,-|V|y,-+AMjV 


|y _|v|y_+AM,|^o 


|AM ,'2 


k 0<s<t 


< CiE{X). 
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The same argument shows that 


E 


^lasjl 


j \'iIjs{z)\‘^^{ dz)di 


^12' 


< C',E(X). 


□ 

Combining estimates of Lemmas [7] and | 8 ] with Inequalities (1361) and (1371) we obtain the 
desired result: 


Lemma 9 There exists a constant Ki such that for any 0 <t <T 


E 


sup e“|ys|^+( / [ \^u{z)\‘^fi(dz)du] +( f 

se[o,t] \Jo Jz J \Jo 

< KeE + iL^E ^ e““|/° A N - A ifdu 


where Ki depends only on L 


112: 


Some details concerning the conditions B and A3’ 

Recall that (5* and h* are defined by the formulas (|lip and (1121) . 
Lemma 10 If p > 6* and m > h*, then there exists r > 1 such that 


X + 




2((r - 1) A 1)_ 
Proof. Let us define the function 5: (l,oo) 


, r6 

< p and -- < m 


p-6 


5{r) = r 


X + 




2((r - 1) A 1) ■ 

We show that <5* is the minimal value of 5. We first assume that K ^ 0. Then lim^^i 6{r) = 


+ 00 . 


Case 1: X < —A^/2. 6 is decreasing and tends to — oo as r tends to +oo. Thus 
y = —oo. 

Case 2: X = —iL^/ 2 . (5 is a non increasing function with 6{r) > 0 for any r < 2 = r* 
and 6{r) =0 for any r >2 = r*. Hence 5* = 0. 

Case 3: X > —iL^/2. The function 6 tends to +oo when r tends to +oo and has a 
strict minimum at r* £ [ 1 , 2 ]: 


r* — I + k 2 


K 


Moreover the minimum 5* = (5(r*) > 0 is given by: 


2 x + ^ =A2 + 2x if -K^ <2 x<K\ 
^* = < / 

+ if2x>A2. 
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Gathering together the above results implies that 6* defined in Equation (1111) is the minimal 
value of 6. 

Therefore if p > 6* (Condition (B)), there exists an open interval such that 

for any r G (Hi, 1 ^ 2 ), P > ^(f) > ■ In Case 1, we have 1 < iii and R 2 = + 00 ; in Case 

2, 1 < iii < 2 and R 2 = + 00 , and in Case 3, 1 < < r* < < + 00 . Let us define on 


(-Ri,ii 2 ) the function 


h(r) 


pr 

p-5{ry 


• Case 1: here R 2 = + 00 , 5* = — 00 . The optimal choice of /? is p < 0 (see Remark [7|). 
Then for any r G (-Ri, + 00 ), h(r) < 0 < m. 


In the other cases we will prove that the minimum value of h on (R\,R 2 ) is h*. Hence if 
m > h* (Condition A3’), there exists a value r G (Ri,R 2 ) such that m > h(r) > h* and 
since p > 5(r) on this interval, the lemma is proved. 

Note that lim^^/jj h(r) = +00 and p > 0 since <5* > 0. The derivative of h (expect for 
r = 2 ) is equal to 

= (p-^5(r)Y ■ 

For r > 2, h'(r) = p^/(p — S(r)y > 0. For 1 < r < 2, we have 

('/p-7f(7TT)) ('^+TfyTT)) ■ 

Therefore for some rt G (1, 2), h'(rf) = 0 if and only if : 

From the convexity of S if rt exists, then Ri < rt < R 2 and 

7 / |\ _ P _ ‘^P 

^ “ ~W) - (VTp-KY-2x' 


• Case 2: here x +A ^/2 = 0, R 2 = + 00 . If p < 2K^ the minimal value of h is attained 
at r = 2, with h* = 2. If p > 2K^, then 


2p 2p 2p 

(^p-Kf-2x ^ (V^p-Kf + K^ ^ p + (Vp-iLV2)2' 


Case 3: here p > <5* > 0 and 1 < Ri < R 2 < + 00 . 
a. X < K‘^/2: then R 2 > 2. U 5* = K‘^ + 2x < p < 2K^, then 

2p 


h* = h(2) = 


p-{K^ + 2x )' 
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Else if p > 2K^ then 


h* = /i(r^) = 


2p 


2p 


{^p-KY-2x {^p-KY + K^-{K^ + 2x) 

2p 


Finally 


p+{^-K^Y-{K^ + 2x) 

2p 


h* = 


p-{K^ + 2x) + {^P- ■ 


b. X > I2. Then d* > 2K^. Hence p > 2K^. Thus the minimum of h is attained 

at /i(rf) : 


h* = /i(r^) = 


2p 


{^p-KY-2x 

P 1 




V2 


K 


V2 


Vp + V^ % '/p-[Vx + ^ 


Let us now summarize the results, h* is given by (see also Equation (1121) 1: 


h* = 


0 if2x<-iL^ 

2p 


if 2 |xI < 


Note for iL = 0 that the formula (ITTI) still holds and for x = 0, /i* = 1 and for x > 0, 

h* = p/{p - x)- □ 
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